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Analytical Description of Force-Time and ForceVelocity Relations of Isometric Contractions in
Feline Isolated Heart Muscle and in the Intact Heart E D U A R D O E . CASTELLANO SUMMARY The function T = T, + T, exp{-((A -l)/o) m } is proposed to describe both the growing phase of the isometric tension-time curve and the pre-ejection pressure time curve of an isovolumic contraction. This 2-fold use of the proposed function permits one to relate the dynamics of intact heart to the dynamics of papillary muscle. Isometric force velocity relations are obtained from this function for the Maxwell and Voigt models. Contractile element velocity given as a function of stress is split into two factors: a step-like function and Fung's equation. Analysis of their asymptotic behavior under limiting values of T, and comparison with published exerimental results lead to the hypothesis that Fung's equation, obtained as outlined above, describes the isotonic force-velocity relation of the contractile element at a given preload. The interplay of the Maxwell and Voigt model in relating some dynamic variables is analyzed. In particular, a force-velocity relation is introduced which proves to be independent of preload but sensitive to inotropic interventions and easily obtainable from isometric tension time (or pressure time) records alone; V max extrapolated from this relation is proposed as an index of contractility. The specificity and sensitivity of some commonly used contractility indices are analyzed as an aid in assigning physical meaning to different parameters used in the formalism.
DETERMINATION of the mechanical properties of cardiac muscle in the passive and active states has been a subject of considerable research in recent years, but in spite of the enormous number of experimental results accumulated, no systematic and self-consistent description of the dynamic properties of the muscle is available. This may be ascribed to the relatively large number of variables defining a given experimental situation and the generally complex interplay among them. Nevertheless, relations between some variables can be obtained experimentally and provide insight into the characterization of the contracting mechanism. Most of these relations, however, lack an accurate description in terms of an explicit function relating the involved variables, and this prevents taking advantage of mathematical formalism to systematize and unify the various experimental findings. The force-velocity relation (F/V) is an exception to this rule in that it is known to obey Hill's 1 or Fung's 2 equations under certain given conditions. However, its explicit analytical relation to, say, the tension time (T/t) curve of an isometric contraction from which it can be obtained 3 is not yet known.
Aside from the fact that it can provide information about the contractile process at a molecular level, the F/V relation seems to have the outstanding property of con-1 through the introduction of V max , the extrapolated velocity of shortening at zero load, has motivated considerable research in which this concept has been at times criticized and at times defended by different authors. 3 Despite this, the F/V relation has been extended to the intact heart and successfuly used as a standard technique in many hemodynamic evaluations. Of the different methods from which the F/V relation can be obtained, isometric contraction is particularly attractive because in vitro results obtained under carefully controlled experimental conditions can be extended to the intact heart. 3 The aim of this paper is to analyze T/t and F/V relations and their mutual interaction by proposing an explicit function to describe the course of the growing phase of the T/t curve in an isometric contraction. It turns out that the same function describes the pre-ejection pressure time (p/t) curve of an isovolumic contraction. This fact is essential to extend results from studies of isolated muscle to the intact heart. From the T/t function and assumption of some analog for the muscle (both the Maxwell and the Voigt models are considered), the contractile element (CE) F/V relation is obtained. A mathematical connection between isometric and isotonic F/V relations is suggested in the light of published experimental results. This leads to the introduction of an F/V relation which is preload independent, sensitive to inotropic interventions, 4 and is easily obtainable from T/t (or p/t) records alone. The V max value obtained from this curve appears to be an ideal index of contractility. The specificity and sensitivity of some of the most commonly used indices of contractility are analyzed to help assign physical meaning to the different parameters used in the formalism.
Methods
Cats were anesthetized with sodium pentobarbital and the hearts were immediately removed. Each heart was dissected while immersed in oxygenated Ringer's solution at room temperature. Cat papillary muscles from the right ventricle were isolated in a chamber with a constant flow of Ringer's solution. The papillary muscles were removed from a small piece of adjacent ventricular wall. The mural end of the muscle was fixed to a muscle holder by a small loop of silk thread. Another small loop of silk thread was tied to the tendinous end and connected with an extending wire to a Statham transducer model B7B-0 75-350.
Isometric mechanograms were recorded on a Sanborn model 7100 oscillographic recording system equipped with model 350-1100 C Carrier preamplifiers and model 350-2700 C high-gain preamplifiers at a paper speed of 100 mm/sec. The first derivative of the developed tension (dT/dt) was recorded by an RC differentiator with a time constant of 2.5 msec; it had an amplitude error of 0.7% and a phase error of 43 seconds at 5 cycles/sec. It was calibrated with a linear sawtooth voltage, the differential of which was a square wave with an amplitude which corresponded to a known rate of change. Tension values were expressed as grams per millimeter of cross-sectional area, which was estimated on the basis of wet weight at the end of the experiment, assuming the muscle to be a cylinder with a specific gravity of one. Length of the muscle was measured under the resting tension maintained throughout the experiment.
Electrical stimuli were delivered through two platinum electrodes coursing along the entire length of the muscle. Rectangular pulses of 5-msec duration and an amplitude 20-30% higher than the threshold of each preparation were derived from an electronic stimulator. Frequency of contraction was maintained at 10/min in all the experiments. The composition of the perfusate solution in mM was: NaCI, 112.8; KC1, 4.74; Cad, , 2.54; KH 2 PO 4 , 1.18; MgSO 4 , 1.18; NaHCO 3 , 29.33; and glucose, 3.6 . One of the experiments was performed with the CaCl 2 concentration at each of five different values: 1.34, 2.50, 3.37, 7.50, and 15 .00 mM.
Results

The Isometric Tension-Time Relation
The experimental values corresponding to the ascending limb of an isometric T/t curve and its first derivative are fit reasonably by the function T(t) defined by T 2 exp{-((A-t)/a) (1) where A is the time interval between the instant the stimulus is applied and the instant maximum tension is attained; T, + T 2 is the maximum tension, and m and a are positive constants. Tension T is defined as force per unit of cross-sectional area and is measured in units of g/ mm (2) it depends on a small number of parameters, all of which are related to fundamental dynamic characteristics of cardiac muscle, as will be shown below.
Typical experimental isometric T/t curves obtained from cat papillary muscle at room temperature are shown in Figure 1 , together with the corrected curves given by Equation 1 (experiments performed by Alicia R. Mattiazzi, personal communication). It can be seen that the fit is least accurate at the onset of contraction, although, in general terms, the complete ascending limb of the T/t curve and its derivative are fairly well described.
Of special note is the fact that the same values of A, a, and m are used to fit all four curves. At t = 0, Equation 1 gives
a value which should be identified with the preload. The second term of the righthand side is generally small as compared to T,; it is convenient to neglect this term so that T, acquires the meaning of preload. This can be done safely in most cases, although in using Equation 2, for instance, it must be borne in mind that the smallest value of T is not strictly T, but, rather, the value given by Equation 3. Any formal analysis carried out on isolated cardiac muscle based on Equation 1 can be extended to the intact heart, because it turns out that Equation 1 also describes 
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From Equations 1 and 2 it is found that:
gives an excellent fit to the pre-ejection period of this curve.
A procedure for determining the parameters of Equations 1 and 4 from experimental data is outlined in the Appendix.
The Force Velocity Relation
Calculation of CE velocities from experimental parameters necessarily requires the assumption of some analog of the muscle, but the one that best describes actual performance is unclear. If the Maxwell model is adopted and an exponential nature of the series elastic element is assumed, 3 the CE velocity in an isometric contraction is related to tension by:
where T stands for dT/dt. The corresponding equation for the Voigt model is V CE = t/(kT + C). (6) C is generally small 9 and often is neglected. In Equation  6 , the assumption of C = 0 implies shifting from the Voigt to a two-element model in which the CE no longer is freely extensible but can bear resting force.
9 For the sake of simplicity, we also shall neglect C in Equations 5 and 6, although that is not essential to subsequent analysis. 
This relation displays the general characteristics of a typical isometric force velocity curve. It is plotted in Figure 3 for the same data in Figure 1 . This formula also can be written as the product of two other functions
t / T = S(T)-V(T)
where and -T, + T These functions are plotted in Figure 4 . S(T) is a dimensionless quantity with a limiting value of zero when T -> T, and approaching T 2 /(T, + T 2 ) as T -» T, + T 2 . V(T) has the same dimensions as T/T, that is, a velocity measured in units of k, where k is the stiffness factor of the series elastic element. also has the property of making convergent the time-topeak interval Parmley et al. 10 have compared the isometric and isotonic F/V relations in cardiac and skeletal muscle. They found that V CE for an isometric contraction is always below V CE for an afterload isotonic contraction at the same preload. It is remarkable that T/T and V(T) have the typical shape of the isometric and isotonic curves found by these authors. Moreover it also has been pointed out that isotonic F/V relations are not generally hyperbolic," but can be described fairly well by Fung's equation.
2 -' 2 Isotonic F/V curves are more susceptible to physical interpretation than isometric ones, because the bias introduced by the influence of different levels of the active state can be eliminated in appropriately designed quick release experiments. Moreover, Brutsaert and Sonnenblick have reported that the afterloaded isotonic curves obtained by measuring peak velocities of shortening of the muscle for different loads not only represent the behavior of the CE at an approximately constant length, but also are substantially independent of the time after stimulation. These facts suggest that V(T) might actually correspond to the mathematical description of an isotonic contraction for which its related isometric behavior is given by T/T. This is a very tempting hypothesis because, if it is acceptable, the mathematical rules for relating mesurements from one type of experiment to another are then established. We shall proceed by adopting this hypothesis, and subsequently we shall discuss its feasibility in the light of further analysis.
Choice of Muscle Model
From its definition (Equation 10), V(T) is seen to be a function of T -T, rather than of T alone. This means that different values of T,, with all other parameters held fixed, will produce only a horizontal shift of the curve without altering its shape. However, by letting T, -» 0 independently, we are doing nothing but shifting from the Voigt to the Maxwell model, since T/T is now given in terms of developed rather than total stress. In this limiting process, Equations 7 and 9 diverge, but in such a way that their quotient remains finite throughout. We then have the expressions T, + T 2 -T V" = b, 
for the Maxwell model; T' denotes developed tension.
The first of these expressions is preload dependent; the second one is not. They are plotted in Figure 5 for the same data as in Figures 1 and 3 . It is apparent that, even if our hypothesis about the physical meaning of V(T) is not very accurate, Equation 18 still could be profitably used in view of its preload independency. V(T) will not necessarily have the meaning of afterloaded isotonic velocities in this case. However, as we shall show below, it is sensitive to inotropic interventions, and its derived V max qualifies as a contractility index. In terms of the normalized develped pressure, T = T'/T 2 , Equation 18 becomes (19) which results in the same function for all preload values. S(T) is not a function of T -T, and its behavior is different in each case. In the Voigt model, at a not-toolow preload, S(T) is a step-like function with a value of zero at T = T, and approaching monotonically to T 2 /(T, 
Force-velocity curves for the Voigt and Maxwell models calculated from Equations 17 and 18 for the same data as in Figures 1
+ T 2 ) as T increases. As T, -* O, S(T) diverges. This is shown in Figure 6 in which S(T) is plotted for different values of T,. Note that for a given value of m, S(T) depends only on the parameters T, and T 2 .
Analysis of Some Proposed Contractility Indices
We now shall derive formal expressions for some of the most commonly used contractility indices. The behavior of these indices on alteration of some variables is known, so that comparison of experimental and mathematical results allows determination of the corresponding behavior of the parameters involved in the formalism, under the given modification of the variables. Figure 1 and also for an arbitrarily chosen small preload value (T, = 0.04 g/mm 2 ), to show the behavior of the Junction as T t -> 0. Parmley et al. 15 in studies on cat papillary muscle, found that percent changes in developed force and T max , under changes in preload, were indistinguishable, and that there were negligible changes in the time-to-peak force. This is consistent with our finding that m and a are constant under changes in preload, while changes in T and Tp,,,,; depend in the same way on the parameter T 2 , that is (T -T,) max = T 2 and T max = A T 2 , where A is a constant (see Equation 20) insofar as changes in preload are concerned. T 2 is also very sensitive to inotropic interventions. This relation shows t p to be independent of preload to the extent to which A, a, and m are themselves independent of preload; this is consistent with other experimental findings."•
FIGURE 6 The function S(T) obtained from Equation 10 for the same data as in
18
In five isometric T/t records obtained from cat papillary muscle at room temperature at the same preload (0.3 g/ mm 2 ) but at different Ca 2+ concentrations (1.34, 2.50, 3.37, 7.50, and 15 .00 ITIM), it was found (Alicia R. Mattiazzi, personal comunication) that T 2 was augmented by Ca 2+ concentration, whereas A and a diminished. The value of m was the same in all cases (m = 3.20). The (small) variations of A and a were of about the same magnitude, so that t p remained virtually insensitive to the given inotropic interventions 17 ' 18 (A = 340 msec, a = 250 msec, and a Ca 2+ concentration of 1.34 ITIM; maximum variability of A and a was approximately -30 msec at Ca concentration of 15.00 ITIM).
TJ(T -T O
From Equations 20 and 25 (Appendix),
This index is independent of preload; 1 " moreover it is the only one among several tested which is unaltered under changes of 200% in the cardiac output in a dog heart-lung preparation. 17 It also has been reported that this index is quite sensitive to inotropic changes, increasing its value under positive inotropic interventions. l6> l7 Our previous analysis indicates that this increase must be accompanied by a parallel decrease in the value of a. However, small increases in m under inotropic interventions that would not be detected by Equations 20 or by 1 could perhaps occur, thus adding to the effect of o to increase the sensitivity of Equation 21 to changes in contractility.
It turns out that Equation 21 also is related closely to V max , as shown below.
' majr From a mathematical point of view, extrapolation of experimental t/T (or p/p curves) to obtain a meaningful value of V m!lx is by no means a well-defined problem. What is commonly done in an empirical fashion is to ignore the fall-off velocities at the lowest loads (and often also the velocities at the highest loads) and to extrapolate the remaining part of the curve under the assumption of some particular functional behavior. This method, which in spite of its arbitrariness has proved to be useful in many clinical evaluations, 1!) implies assuming a given relation between calculated isometric velocities and some "physically meaningful" ones; whether the latter are CE velocities obtained at constant CE length and constant time after stimulus, or are simply maximum afterloaded isotonic contractions or some differently defined velocities, is not apparent from the method.
A somewhat similar procedure that is based on a rigorous mathematical definition can be carried out by accepting the hypothesis previously suggested that V(T) and not S(T)-V(T) is the "physically meaningful" velocity function. In this case it is found from Equation 17 that
or, using Equation 14 and the fact that in general (T,/T 2 ) < < 1,
This formula is appropriate for the Voigt or two-element models. V milx is seen to be constant in the range of preload values for which T,/T 2 is approximatley constant. Since, in general, T,/T 2 increases with preload (see data of Figure  ' ). V max also does so, in agreement with the determinations of Donald et al. 20 In contrast, Parmley et al.' 5 found a decrease in V max at increased preloads when values were extrapolated from isometric F/V curves. Moreover, at the largest preloads, they also found the F/V curve no longer had a hyperbolic portion, and its corresponding V max value could not be obtained. All these findings can be made compatible, however, by accepting the proposed hypothesis about V(T). Figure 4 shows that V(T), the isotonic F/V curve obtained from T/T, has increased velocity values at larger preloads, in agreement with the results of Donald et al. However if V max is obtained by extrapolating the T/T curve, decreased V max values are obtained at increased preloads. Also, the nonhyperbolicity of T/T at high preloads does not affect the obtention of V v maxIn conclusion, experimental evidence indicates that A, o, and m are independent of changes in preload, whereas A and o are modified by about the same amount under inotropic interventions. An eventual small change in m under inotropic changes cannot be disregarded. T 2 is very sensitive to both changes in preload and inotropic interventions.
Discussion
All results obtained in this study are based on the fact that Equations 1 and 4 describe closely the ascending limb of the experimental isometric T/t curve of isolated heart muscle and the pre-ejection experimental p/t curve of an isovolumic contraction, respectively. In the latter case, the further assumption is implied that p, + p 2 gives the peak pressure that would occur had ejection been prevented. This assumption, however, is not essential to validate the main conclusions; it can be made plausible by the fact that the qualitative behavior of p/t curves obtained from dogs before and after sudden occlusion of the ascending aorta 21 is similar to that of Figure 2 , in which the theoretical points represent the after-occlusion pressure curve. In this experiment, moreover, time-topeak pressure was unchanged, peak pressure increased, and peak p remained essentially the same, thus indicating that the parameters that govern the shape of the p/t curve are the same whether a partial or a total isovolumic contraction is taking place.
More evidence in favor of accepting Equation 1 It can be seen that, for ranges of preload for which T,/ T 2 does not change very much, the time course of T/T curves will be closely the same. This result has been found experimentally by Yeatman et al. 9 It is consistent with our finding that A, a, and m are independent of preload.
The hypothesis concerning the physical meaning of the function V(T) = (t/T)/S(T), that is, its relation to an afterload isotonic contraction at the preload T,, is a trial hypothesis and awaits further experimentation. The difficulty in assessing its validity from published experimental results stems from the fact that most isotonic F/V relations refer to muscle rather than CE velocity; it has been shown that muscle and CE velocities are not equal in isotonic contractions, whatever the muscle model assumed.
22 It might turn out that V(T) does not correspond to an isotonic contraction but does correspond to some other differently defined velocity. Although the relation of V(T) to some physically meaningful shortening velocity could prove useful to the understanding of the contraction VOL. 42, No. 5, MAY 1978 mechanism at a microscopic level, it is not essential to validate the usefulness of its corresponding V max value as an index of inotropic state. The close similarity of T/T and V(T) to the isometric and isotonic curves of Parmley et al. 10 and the behavior of V max obtained from V(T) for the Maxwell and Voigt models suggest, however, that if the hypothesis does not prove to be strictly correct, it is not a poor approximation.
Further insight into the nature of V(T) and S(T) can be gained by analyzing their limiting values when m -»°°. In this case, T(t) tends to the square step function
and S(T) tends to be the unity square function
It follows that T/T becomes equal to V(T), with n = 1, in the interval T, < T < (T, + T 2 ) but V(T) diverges since b does so. We arrive, then, at the conclusion that the CE F/V relation obtained from an isometric contraction can never be described by Hill's equation. It has been reported 13 that the F/V relation folows Hill's equation only when measurements are made at a constant CE length and constant time after stimulus. This situation obviously does not occur in an isometric contraction, and values of n greater than unity are actually found.
The fact that, in our analysis of contractility indices, we have alternatively used either T/T or p/p, is based on the fact that Equations 1 and 4 are structurally identical. Also implied is the approximation that pressure and tension are related through Laplace's law.
T = p r/2h
(23)
where r and h are the average radius and wall thickness of the ventricle. A more accurate approach would be to relate stress to pressure, taking the geometry of the ventricle into account. It has been shown, however, that the values of V max obtained by both methods are highly correlated. 8 The extension of F/V relations to the intact heart has proven useful in many hemodynamic applications, in spite of the oversimplification implied by assuming Laplace's law. This rather unexpected success is probably a consequence of the identity of Equations 1 and 4.
In analyzing the pressure velocity curve, p/p, the dependence of the transformation (Equation 23) on the mean ventricular radius, r, must be borne in mind. This dependence does not affect the ordinate in a p/p vs. p plot, but it does affect the abscissa so that isovolumic contractions at a given pressure but at different enddiastolic volumes will correspond to different points of the F/V relation. As p -» 0, F/V and pressure velocity curves tend to be equivalent so that V max tends to be the same whether it is obtained from a T/T vs. T plot or from a p/p vs. p plot.
If a change in contractility is defined as a change in muscle performance that is independent of preload, then the V max value given by Equation 19 can be used profitably to quantify contractility changes. The insensitivity of this index to preload alterations is due to the fact that m and a are themselves insensitive to preload changes; its sensitivity to inotropic interventions is based on the formal similarity between Equation 23 and the expression for the index, T max /(T P -T,), 21 which is quite sensitive to inotropic changes. Note that Equation 18 implies assumption of the Maxwell model. It is also important to remark that V max obtained for muscle rather than for CE in afterloaded isotonic experiments has been found to be independent of preload conditions.
15
The well-known difficulty in finding "good" contractility indices, that is, indices independent of preload and sensitive to inotropic alterations, can be understood from the present analysis. The main effect of an inotropic intervention is to modify peak tension by modifying T 2 in Equation 1 ; since this is also the effect of a preload alteration, inotropic and preload changes are indistinguishable from parameters highly dependent on T 2 , as peak tension or peak t . Another effect of inotropic interventions is to alter the values of the parameters A and a. When these alterations are small, they are unlikely to be displayed by the shape of T(t); moreover, peak T will be dominated by the change in T 2 which will mask the smaller change in a. The success of indices like Equation 21 depends on the fact that T 2 cancels, so that a (and perhaps also m) remains as the fundamental variable.
The present method presents a new approach to the study of muscle dynamics in that it attempts to describe experimental relations among certain variables in terms of explicit mathematical formulas. We believe that the systematic use of this method will prove useful in studying a wider range of problems of muscle dynamics.
Once m is determined from Equations 27 and 28, a may in turn be calculated from Equation 24.
In adjusting a p/t curve obtained from an isovolumic contraction, A and p 2 are not directly displayed by the experimental records. However, a value for A can be obtained by measuring the time interval between the peak R value of the QRS complex of the electrocardiogram and the half-width value of the pressure curve; m is then calculated from Equation 27, a is subsequently calculated from Equation 24, and p 2 is then obtained from the equivalent of Equation 25, namely, p 2 = (p p -pi) exp « m -l)/m).
Due to the unavoidable lack of great precision in the above-described determinations, the parameters obtained might need further adjustment which can be readily performed by simple trial and error.
